EECS/CSE 70A Network Analysis |
Homework #6

Solution Key



Problem 1 (20pts)

Part (a): u=(A+ jB)(C+ jD)=AC+ jAD+ jBC-BD

2 2
Re{u} = AC - BD = o= Ju(u®) = |(Re{u})* + (i u})
Im{uj = AD +BC - J(AC-BD)? +(AD +BC)’
|
: ¢5=tan‘1 m{u) =tan’ AD + BC
U=X+jy= Re{u} AC —BD
=(AC-BD)+ j(AD+BC) {tan-1AD+BC
u=\(AC-BD)?+(AD+BC)%  AC-ED
Re{uej“’t} = \/(AC — BD)2 +(AD + BC)2 cos{wtﬂanl ﬁgi:g}




Problem 1 cont’d

Part (a) 2" way: .

1D
jan = . j tan 1=
A+jB=yaZ+B%™ A cyjp=ycZipZ " ©

tan_1E3+tan_1[)j
A C

U =\/(A2 +B2)(C?+ DZ)e’(

(A2+Bz)(C2+D2)cos(tan‘1%+tan‘1g) r:|u|:\/(A2+BZ)(C2+D2)

1B D)
' 1B -1 D g=tan 1= +tan 1 =

2 2 2 2 1B 1 D
(A +B )(C +D )sm(tan A+tan Cj A c

3
=
I
= =

Re{uej“’t} = \/(AZ + BZ)(C2 + Dz)cos[a)t+tan‘1%+tan‘1 g}




Problem 1 cont’d

Part (b): X
L _A+jB_(A+jB)(C+iD) (A+]B)(C—jD)_ AC-jAD+ jBC+BD
C+)D (C+jD)(C+jD)* C*+D* c?+D?
AC + BD
Re i) = C%+D? \/(AC+BD)2+(—AD+BC)2
~AD + BC r=uf= Y
Im{u} = —
C*+D _y Im{u} _1—-AD+BC
: ¢ = tan = tan
U=X+jy= Re{u} AC +BD
_(AC*BD) [ -AD+BC \/(AC+BD)2+(—AD+BC)2 jtan-LTADFEC
C?+D?
o _ (AC+BDY” +(-AD+ BC)’ _AD+BC
Re{ue”"t} = cos{a)t +tan }
C*+D° AC + BD




Problem 1 cont’d

Part (b) 2" way: 5 5
1 1

jtan T — jtan " —
A+ jB =+ A% +B%e A, C+ jD=+C?+D% C

. _1B 1D

2 2 tan~1=—tan 1j

U= A +B eJ( A C
C?+D?

2 o2

/A2 B2 4B 4D A" +B

Re{u} = 2+ 2cos[tan 12 _tan 1—} r=lu=5——=
C“+D A C C“+D

1 B 1D

A% +B2 . 1B 4D g=tan 1= —tan1 =

Im{u}: > >sin| tan”" ——tan" — A C

C°+D A C

A® + B?
C2+D2

i 1B 1+ D
Re{ue’”t}: cos[a)t+tan 1K—tan 1—}

C




Problem 2 (20pts.)
Part (a): Find the current i (t) at the frequency 80Hz.

v(t):4cos(a)t—%j /\/<+> T —

Convert to phasor domain

V= 4e_J* /\’<
Ve =V

)

1/joC

Vi

) VS

1 w=2rf =2780rad/s =160 rad/s
JoC

. T

/A . T T
. = e . B B j(—-ﬁ-j 3 =
lc =VjwC =4e 3(j8zx107")=327x107"e \ 3 2/ =327x107%e 6A

7Z'

v(t)=4cos ot-2 |V =4de
3

i (t)=Rell~el®! = Re!327x107%e Gejle’o”t =327 x10"* cos(| 1607t + = | A=3.2 7c0s(160 7t+30°) mA
C C
6

3



Part (b): Find the voltage v (t) at the frequency 30Hz.
Ve
+

Ve

i(t):7cos(wt+%j /\/<1‘> 3F

Convert to phasor domain

1/jC

/A
iz~ @
|—7es V(A
lc =1
| o =2rf =230 rad/s = 607 rad/s
Jo i(t)=7COS ot+2 | =
iz 1 J(”—”) Mk 8
—7e 8 —12.38x10%e \8 2/ -12.38e "8 kV
jJ1807 x10~

.37
. -ji— .
ve (1) = Re{vce‘“"} - Re{12.38x104e 8 eJGO”t} ~12.38x10* cos(GOzzt —3—”Jv
8

| =7e 8



Problem 3 (30pts.)

Part (a): Find the impedance seen from terminals a-b as a function of the

angular frequency w.

10 300uF
|
300uF —=
120uH
30 %
bo

Part (b): Evaluate the impedance at 750Hz
w =27750 rad/s =15007 rad/s > Z,, =2.20-0.73] Q

Part (c): Evaluate the impedance at 3kHz

Zeq:1+ja)LC+[2”(3+ij+ja)LC)]
1 +2—2a)2LC+6ja)C
joC  1-w’LC +5]jaC
1 2-027.2x107% + jw18x107*

=1+

=1+

jo3x10™  1-w?3.6x107% + jwl5x107*

w = 273000 rad/s = 60007 rad/s - Z,, =2.31+0.10 ] Q



Problem 4: (20 pts)

Find the relationship of the phase shift between i(t) and v(t) in terms of the
impedance Z for an element.

Suppose for an element we have:  v(t) = A cos(at + ¢,) — 2" 5y = A e
i(t) = A cos(at + ) — 2T 5| = Ael

. . ioy .
So for the impedance Zwe have: , _V _A®" A i) 71 A ,7-05 —p
I A VA \ |

AieWi Al
For example for common passive elements: R 9;=0-0,=¢
T T
L o =SS TAEATS
T T
C o=—Z->o=0-7



Problem 5: (40 pts)

For the circuit shown below, by writing all the steps, prove that

V, cos(wt)

V(1)

&

Needs
correction
/
V, (t) = Vo cos(a)t—tan‘l(i)) 7 =RC
S i+ (w2)? ot |

V(t) =V, cos(wt) — 20,y v,

| = Vo o_ joCV,
Ry L 1+ joCR
joC
V)= .1 I = \_/0 =|V; |= Vo ,Lvlz—tan‘l(a)CR)
JoC 1+ joCR \/1+(a)CR)2

. .1 .
Vl(t) — Re{\/leja)t}: Re{ VO e—jtan (a)CR)eja)t}
J1+ (wCR)?

Yo cos(at-tan Y(aCR))
J1+ (CR)?

__correction

\/A

r=RC=y(t)= V—Ocos(a)t Htan Y wr)

J1+ (07)?




Problem 6: (20 pts)
For the circuit shown below, find i(t), v (t), vg,(t) and vi,(t)

jLI
i(t)
Vi) 300H | g
Vg (t) =12cos(10 x t +30°) + 2Q 2 Vp,(t)
Ve, (t) 3 9Q *
7 — +I
Ve (t) =12003(10t+30°)M)VS :12e‘5 ,w=10rad/s | v j6X10'4 n
L
; 1 2 2 Vi
. _ 10+ j1.2x10" 3 425105 .g —
Zoq =2Q|(5Q+ j6x107°Q) = T iox10 =1.42¢134210 "y v =12¢6 Vi N 5
Vv 12 i -
I = S — _e 5 :8.4610'52A:> |(t) :8.4COS(1Ot+300)A Convert to phasor
Zoq 1.40¢1342X10 -
domain

T

= o
Vg, =V =12e 6V = Vg, () =12cos(10t +307) V

. _4 )
V| =V, % = 0.0014e /%99 v = v, (t) =0.0014cos(10t +120°) V
+ JOoX

= =12el%B v — v, (t) =12c0s(10t +30°) V
1 S . 4 Rl
5+ j6x10



Problem 7: (20 pts)
a) Determine the type of the filter shown below based on L, R, and R,.

b) Plot V_, (t) versus V, (t) for the following cases YV
i) >0 4 +
R >
|||) @ —> 0 Vin (t) 1 Rz §E Vout (t)
Based on voltage division, in phasor domain: Vo =V Ry _y._ _ RiRy+ jolRy
MR+ (Rl jwl) " RRy + joL(Ry +Ry)
The filter is low pass. Y
| OutV | Vv
= L = L = L(R1+ RZ) S AI[] out A
Req R4lIR; RiR; 1 .
I R +Ry(1+)) w=1r
lim (Youty —1 | (Ry+Ry)(A+ )
w—0 Vin I
. . > >\/.
Vou . RiRp+jolR, | . (vout) _ R+ Ry(+]) s %) in
Vv
o (\\/;Ut): R RZR "1 ©— o
o Vi +
o= in 1 2 1 R,
©—0 Ri+R;
:Vin
>\

" Vin



Problem 8: (20 pts) V(t)
C

For the circuit shown below, find i.(t), vc(t), vg,(t) and vg,(t) NI
I
. C
Vg (t) =12cos(20xt +45")
R S
+ = R, EE
Vi, (t)

. iy
Vg (t) =12¢0s(20t + 45°) —2"" v —12¢ 4, 9 =20rad/s

Based on voltage devision:

T .
Ji
VR2 :Vs R2 1 =12e 4 RZ + JZOXCR:LRZ
Ry + (Ry |l ) Ry + Ry + J20xCRyR,
j20xC
. _ j20ty
V. 12 JRZ + (20x CR|R,)? Vg, (1) = RefVg, €123 Vg |cos(20t + £V )
R, F+&X%

(R, +Ry)? + (20x CRR,)?
1 2 1112
20x R;R,C

R+ R, )

LV, = % + tan‘1(20 x R,C)—tan ‘1(

Vra(t)



Problem 8 cont’d

1
Rl j20xC iz R
Ve =Vg, =V, =12 4 1
R, + (R | ) R+ R, + J20xCR(R,
j20xC
R
Ve H Vg [F12x - L -
J(R +Ry)? + (20 x CRyR,)
ZVC =LVR :Z_tan_l(M)
14 R +R,

Vg, (1) = Re{Vq €%} =| Vg | cos(20t + £Vgy) V
ve (t) =vg, (1)

ic(t)=C dVgt(t) =—20C |Vp, |8in(20t + £Vpg;) = 20C |V, | COS(20t + £V + %)A




Problem 9: (20 pts)

a) Determine the type of the filter shown below based on C, R, and R,. IF
b) Plot V_, (t) versus V. (t) for the following cases

o —0
i) =17
i) @ > o

We assume the op-amp is ideal, so

v (t)=vT(t)=0

V., (t)

NAY
| n
|
Vv

By solving in phasor domain and writing KCL at negative

input node of op-amp:

V__Vin+v_ Vout -0

Ri gyl
JaC

Ry

lim (Youty - _R2

oYt Vi, R 1

lim (Youty — g

O—> 0 Vin

" R+ joCRy)

im (24 =2 ()

The filter is low pass

|Vout |
}[‘ Vout R
R, /Ry
L R, (= — ®— o
N |
> o —>\/.
1t 0 n
> Vin
> Vin
Rl
Ry(1+ j)
®—0 w=1r
1
Vout Vout' =




Problem 10: (90 pts)
For each of the circuits shown below oy Vo R 6x10°
i)  Find the transfer function H(w), |H(w)| andZ H(w)

Vi R+joL  6x10%+ jo2x10

R
. . . H — -
i) Plot |Z-I(w)| for linear-linear and log-log scales. [H @) @y
iii) Plot ~ H(w) for linear-log scales. ZH(w):_tan_l(%)
L=2uH o =+ =3x10%(rad / s)
+ —ren i

Vout (t)

Bode Diagram

~-10F
Bode Diagram o
I e
220
0.8 §n
£ = 30t
5 0.6
E
=
0.2
E,
0 =
0 5 -
2
=%
o0 -30
2
2
[+
= -60 | Frequency (rad/s)
90 & 1 1 1 1 1

1 2 3 4 5 6 7 8 9 10
Frequency (rad/s) w1010



Problem 10: (90 pts)

Hw) < Yo _ oL _ jobx107

For each of the circuits shown below Vie R+joL 10x10%+ jw5x10°
i)  Find the transfer function H(w), |H(w)| andZ H(w) |H(w)|:ﬁ
i) Plot |H(w)| for linear-linear and log-log scales. ’

) ZH(@) = Z-tan (2
iii) Plot L H(w) for linear-log scales. 2 R

w0=3=2x109(rad/s)
R =10kQ ¢
—+ —WW——— | (b)

Vin (t) L = SlJ_H VOUt (t) | Bode Diagram

-10 |
Bode Diagram

Magnitude (dB)

-20

o
o0

e
N

N
~

Magnitude (abs)

0.2

Phase (deg)

10° 10° 1010 Lo!
Frequency (rad/s)

Phase (deg)

1 2 3 4 5 6 7 8 9 10
Frequency (rad/s) «10'°



Problem 10: (90 pts)

For each of the circuits shown below
i)  Find the transfer function H(w), |H(w)| andZ H(w)
Plot |H(w)| for linear-linear and log-log scales.

i)

iii) Plot

R =3kQ

H(w) for linear-log scales.

— 1 (c)

Bode Diagram

Magnitude (abs)

o
o

=3
N
T

N
~
T

(%)
(=]

Phase (deg)

(o)
(=]

[l
T

-90 &

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Frequency (rad/s)

Magnitude (dB)

Phase (deg)

-90

Vi, 1+ joRC 1+ jw6x1073

1

1+ (wRC)?

ZH(») = —tan }(wRC)

oy =L = 1x10%(rad /'s)
T 6

| H (o) |=

Bode Diagram

N
vy

10

10 10° 10
Frequency (rad/s)



Problem 11: (30 pts)

B . _ JoRL
Zy =R |l joly = R+ joly
For the circuit shown below 2, <R, | joL, = J2ReL2
. . . R, + joL
i)  Find the transfer function H(w), |H(w)| andZ H(w) et |
i) Plot |H(w)| for linear-li d log-| | Ho) == L2 —0 Lkl T ORI
! ° w orfinear-lin€ar and log-10g Scales. Vin  Z4i+Z, —a)ZLng(R2+R1)+ja)Rle(L2+L1)

iii) Plot L H(w) for linear-log scales.

\/(0)2|—1|—2R2)2 + (@R R, L,)?
| H (o) |=
L, =2pH J@? Ly (R, +R))? + (@R Ry (Ly + Ly))°

_ R _1, ®RRy (L, + L)
—_— ~/H —tan (= —1)_tan?! RAA |
+ Eﬁ e le) 3 (a)ZLlLZ(R2+R1))

R, =6la SR, =3kQ V. (t)
SR, =
= < 2
V. (t) L, =3uH S out
Bode Diagram
_ — -4 ————
Bode Diagram
0‘6 T T T
8 61

: B
—§ 0.5 =
3 5
5
g 0.4

0.3

0 =

-2

4 @
g 0 =3
Z -8 2
2-10 =
z-12 _

-14

]6 _20 £ | P -

18 10° 10° 10" 10"

1 2 3 4 5 6 7 8 9 10

Frequency (rad/s) <1010 Frequency (rad/s)



Problem 12: (30 pts)

For the circuit shown below

i)  Find the transfer function H(w), |H(w)| andZ H(w)

i) Plot |H(w)| for linear-linear and log-log scales.

iii) Plot

H(w) for linear-log scales.

' +

Magnitude (abs)

Bode Diagram

>
>R, =6kQ V,; (t)

Phase (deg)

S = N W A~ W

Frequency (rad/s)

100 200 300 400 500 600 700 800 900

1000

Magnitude (dB)

Phase (deg)

1 1
Zl = Rl “ N = N
joC; 1+ joRCy
1 1
Zz = R2 “ N = N
(o)~ Vo _ 22 1+ joR,C,

V.  Z,+Z, 2+ jo(RC,+R,C,)

J1+ (@R,Cy)?

J4+ 0% (R,C, + RiCy)°
o(R,Cy + R,Cy)
2

| H (o) =

ZH (») = tan " (@R, C;) —tan( )

Bode Diagram

T

10! 10° 10°

Frequency (rad/s)



Problem 13: (60 pts)

Find the output voltage as V,,(t) = AVcos(2x ft + ¢) where ¢ is the phase and for
f =1,10,100,1k,10k,100kHz if the input voltage is v_(t) =1 sin(2x ft) for each of the following

circuits.

R = 79.6Q g
Vi, (t) =1x10 3 sin(27 ft) =1x10~° cos(ant—%)ﬂNm ~0.001e 2

"A'A'A' +
1
Vin (t)® C=2pF Vour (1) Vo =Vin 3¢ _v, 1 o001 2 : Y
R+ 1 1+ joRC 1+ jox159.2x10
_ joC

(a)

— 1 _3 .
fo1Hz > @ =27f = 27(rad /s) = V., = 0 10731157 (t) =103 cos(2t —90.05°) V
out 1+ j10_3 out
-j107° 3_-j158 -3 .
f =10Hz — @ = 27 f = 207(rad / s) = Vo, = ~=10" = Vout (t) =103 cos(207t —90.57°) V
1+ j10~
— 1 73 .
f =100Hz - @ =27 f = 200z(rad / 5) =V, = Ll =0.995x10 % 187 = v (t) = 0.995x1073 cos(2007t —95.71°) V
1+ j10~
— i _3 .
f =1000Hz - @ = 27 f = 20007 (rad / s) = Vo, = 1]1—0_ =0.707x10 37 12% = v (t) = 0.7x1073 cos(20007t —135°) V
+]
— 1 _3 .
f =10k Hz — @ = 27 f = 200007 (rad / s) =V, = % =0.0995x107%e13% = y_ (t) = 0.0995x102 c0s(200007t —174.2°) V
1+ j1
-j1073

f =100000Hz — @ = 27 f = 2000007 (rad / s) =V, = ——— = 0.01x102e 313 = v (t) = 0.01x10 c0s(2000007t —179.9°) V
1+

102



Problem 13: (60 pts)

Find the output voltage as V,,(t) = AVcos(2x ft + ¢) where ¢ is the phase and for
f =1,10,100,1k,10k,100kHz if the input voltage is v_(t) =1 sin(2x ft) for each of the following

circuits.
_ | ) ;
el Vin(1) = 11073 sin27 1) = 110" cos(2r ft— 7) v, ~0.00%e 2
| +
. . .
-3 V.. =V R _, _JoRC — 0.001 -5 jox159.2x10
Vin (t)@ R =159.202 Vou (t) MRy L M jeRC ® T jox1592x10°F
joC

(b)

f =1Hz > w=27f = 27(rad /s) =V, =102 199 = y_ (t) =107 cos(27t —0.057°) V
f =10Hz > w =27 f =207 (rad /s) = V,; =10 *e 1%t = v, (t) =107* cos(207t —0.057°) V
f =100Hz »> w =27 f = 2007z(rad / 5) =V, =0.09x10 37199 = y_  (t) =0.09¢c0s(2007t —5.71°)m V

f =1000Hz — @ = 27 f = 20007 (rad / s) =V, = 0.707x10 3¢ 1978 = y_ (t) =0.7c0s(2000zt —45°) m V

f =10kHz — @ = 27 f =200007z(rad / 5) =V, =0.995x10 e 47 = v_ (t) = 0.995¢05(20000t —84°) mV

f =100000Hz — @ = 27 f = 2000007 (rad / s) =V, = 0.001e ® = v, () = 0.001c0s(200000 2t —89°) V



Problem 13: (60 pts)

Find the output voltage as V,,(t) = AVcos(2x ft + ¢) where ¢ is the phase and for
f =1,10,100,1k,10k,100kHz if the input voltage is v_(t) =1 sin(2x ft) for each of the following

circuits.

— . _ _Ji
L=159mH C=159uF Vi (t) =1x10~3 sin(27 ft) =1x10 3cos(zzzft—%)ﬂwin=0.001e 2
A I
1 +
> . %
) _ = Vo ZV. R vV, joRC _ @x5.05x10 v
Vin (t)® R=31.8Q = Vour () MRy L L '1-0’LC+jeRC  1-0?x25x107° + jwx5.05x10"
jo

(c)

f =1Hz > @ =27 f = 2z(rad / ) = Vo, =0.031x102e 100531 =y (t) =0.031x10~% cos(27t —1.81°) V

f =10Hz > w=27f =207 (rad / s) = V,,; =0.33x10 e 1933 = v_, (t) = 0.33x1073 cos(207t —19.39°) V
f =100Hz > w =27 f = 200z(rad / 5) =V, =0.33x103e 127 = v_ (1) = 0.33c0s(2007t —160.31°) MV
f =1000Hz — @ = 27 f = 20007(rad / s) = V,,, =0.032x10 3¢ 131 = v (t) = 0.032c0s(20007t —178.15°) m V

f =10kHz - w = 27 f =200007z(rad / 5) =V, =0.0032x10 3¢~ 313 = v_, (t) = 0.0032c0s(20000t ~179.81°) m V

f =100000Hz — @ = 27 f = 2000007 (rad / s) = V,,; = 0.003x10 3¢ 3% = v , (t) = 0.003x10 > c0s(200000t —179.98°) V



Problem 14: (60 pts)

Find the output voltage as V,,(t) = AYcos(2x ft + p) where ¢ is the phase, if the input voltage
is V,,(t) =Y 1™ sin(2x fit); f, =1,10,100,1k,10k,100kHz for each of the following circuits.

_RJVZ\i.G_Q_+ Since the circuit is linear, the output is the superposition of
the input signals. So the output consists of multiple
Vin (t)@ C=2UF== Vo, (1) frequencies which can be calculated as the summation of
- all the output signals found in problem 13(a).

a
@ Vout () = Zvouti (t)

Voyt (t) = 1073 cos(27t —90.05°) +107° cos(20t —90.57°) +0.995 x10 > cos(200t — 95.71°)
+0.7x1073 cos(20007t —135°) +0.0995 x10 > c0s(20000 7t —~174.2°) + 0.01x 103 cos(2000007t —179.9°)  V



Problem 14: (60 pts)

Find the output voltage as V,,(t) = AYcos(2x ft + p) where ¢ is the phase, if the input voltage
is V,,(t) =Y 1™ sin(2x fit); f, =1,10,100,1k,10k,100kHz for each of the following circuits.

¢ ="1“F Since the circuit is linear, the output is the superposition of
I T the input signals. So the output consists of multiple

V., (t)@ R=159.20% V(1) frequencies which can be calculated as the summation of

all the output signals found in problem 13(b).

(b) Vout (t) = Zvouti (t)

Vgy (t) =107 cos(2t —0.057°) +10™* cos(20zt —0.057°) +0.09 x10~> cos(2007t —5.71°) +
0.7x1073 cos(2000zt —45°) +0.995 %10 cos(20000 7t —84°) +0.001cos(2000007t —89°)  V



Problem 14: (60 pts)

Find the output voltage as V,,(t) = AYcos(2x ft + p) where ¢ is the phase, if the input voltage
is V,,(t) =Y 1™ sin(2x fit); f, =1,10,100,1k,10k,100kHz for each of the following circuits.

L=159mH C=159uF

Vv, (8 R=31.8Q 3 Vo, (1)
(c)

Since the circuit is linear, the output is the superposition of
the input signals. So the output consists of multiple
frequencies which can be calculated as the summation of
all the output signals found in problem 13(c).

Vout (t) = Zvouti (t)

Vout () = 0.031x1073 cos(27t —1.81°) +0.33x10 3 cos(207t —19.39°) +0.33x10™> cos(200zt —160.31°) +
0.032x107° cos(2000t —178.15°) +0.0032 x10 2 cos(20000 7t —179.81°) + 0.003x 103 cos(200000zt —179.98°)  V



Problem 15: (20 pts)

Draw the Bode plot (magnitude only) for the following transfer function.

H(w)=
1+ jor)(1+ jor)

Extra credit: Try to design a circuit having such a transfer function. (40 pts)

| H () | L =

1 —40dB / dec T T
L == Vi, (t) C=t =R=0.5 Vour (1)
T




