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Quantum mechanics of free electrons

o Important for quantized resistance
calculation

o Important for single electron transistors

o Density of states
3 dimensions
2 dimensions
1 dimensions
O dimensions

o Dimensionality (effective)

Set by size of nano-device compared to
electron wavelength
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Readings for this lecture

o Ferry, Quantum Mechanics for
Electrical Engineering, ch. 1 (in
handout packet)

o Hanson p. 16-44,62-69,85-
101,chapter 8

o Good references:

Brandsen and Joachian, Introduction to
Quantum Mechanics, Longman
Scientific, 1989

Kittel, Introduction to Solid State
Physics, Wiley, 1996

Ashcroft/Mermin, Solid State Physics,
Saunders College, 1976
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Quantum mechanics of free particles

—
LP ( r y t) IS probability of finding an electron at point r at time t.

Y is complex, and both real and imaginary parts are physical.
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Quantum mechanics of free particles:

—>
\P ( r y t ) IS probability of finding an electron at point r at time t.

Y is complex, and both real and imaginary parts are physical.
w=E/lnh
For a free particle: /

/

\P(F t) N ei(lz-f—a)t)

Momentum: Energy:
. 2 2
5 = Ik - _ PP _ (k)
2m  2m
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Schrodinger equation:

2 2
Ihg\lj(x t) — _ h a \P(X t) (1 dimension)
ot ! m @XZ ! (Time dependent)
Let | (kKx—ot
L:["(X, t) — A e ( ) Ais a (complex) constant.
then 9 - .. O i(kx—oot) - i (kx—at)
ih—Y(r,t)=1n—A-e =1h(-lw)A-e
ot ot
—E. A'Ei(kx_wt) —F \P(X,t)
h2 82 _ hz 52 i(kx—wt) ) _ hz A i (kx—wt)
2m x> T = 2m 8X2(A ° )_[ 2mj('k) (A )
hk?

(A-elten) =p—2‘P(x,t)
2m 2m
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Schrodinger equation:

(3 dimensions)

2 2 2 2 2
inLwty = vy =—| Oy 9 9 g
ox° oy’ 82

ot 2m 2m
i((kgrx+ky-y+k, 2)-ot)

Let \I](F”t) _ A.ei(IZ-F—a)t) — A.p

Then ih%\P(F,t):ih(—ia))\P(F,t):E-\P(F,t) as before.

But: _, 2 2 2 2 2 2 2 )
_ (@ _l_@ 0 )\P( t)——h (5 +8 _|_5 j(A.ei(k-Fa)t))

2m{ ox* oy’ s 2m{ ox*  oy* oz’
#2 N e Pk +k2+k?)))
(o i e ) D e
th p2
A eI(kr wt) B\ 7 F,t
Zm( ) 2m Y
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Quantum mechanics of free particles:

\IJ(F t) N ei(lZ-T’—a)t)
Generally,

P(F, )= At - [dkA(Kk)e' ™

IS also a possibility.

EECS 217C Nanotechnology © 2017 P. Burke Lecture 3, p. 7



Time-1ndependent Schrodinger equation

P(r,1) = A€/

A ei((kx-x+ky-y+kz-z)—a)t) _ A ei(kx-x+ky-y+kz-z) Lot
(& _J

calithis /()

= P(7,1) =y (F) e ™

From: Ih Y(r t———V\P t
p (r,t) - (r,1)

.0 .0 - h? K - -
in—Y(rt)=ih—w(F) e =ih(-i F)-e ™ =E.-w(f) e =——V¥(F t) =——— Vi (F) e
p” (r,t) at!//( ) (i) (F)- -y (r)- o (r,t) o w(r)

:>—2h—2V w(r)=E -w(r)
m
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Confined particles: A box

L
Goal: find W(F)

Similar to electric field inside the box.
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Goal: find v (T)

Everywhere outside the box

|2
4 A w(F)[ =0
2% In particular,

>

L (P =0

on the boundaries.

As before, we will consider all six surfaces:
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Boundary conditions:

The plane x=0:

Try:

W(F) _A. ei(kx-x+ky-y+kz-z)

A

w(x=0,vy,2)=A-e

>

L(kax+ky y+k,-z) 1(ky-y+k,-z)
) =A-e

Does not solve boundary condition!!!
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Boundary conditions:
The plane x=0: Let’s try something:

W(f) _A. ei(kx-x+ky-y+kz-z)

-0,y )= (e e )0t

i1(k,-y+k,-
= A-(e’—e’) e =0

Does solve boundary condition!!!
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Boundary conditions:
The plane x=L.:

(1) = A7 )

= 2iA-sin(k,x)-e'""?

. 1 1% -0
- sm(6’)=E(e ~e)

w(x =L,y,z)=2iA-sin(k L) """ =07

If and only if:

k. =nz/L n=123..
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Boundary conditions:

We can do the same fory, z:

w(F) = (20)°A-sin(k, X)-sin(k_y)-sin(k, 2)

/ Kp =Nl L
2 > (ny — nyﬂ/ L
Ko =N,/ L

Wk “+k 2+Kk. ° 2 2
- _ (ko= + ki, nz):h(ﬂ/L)
2m 2m

(n+n,+n,’%)

These are the allowed energy levels, or “quantum states”
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Many electrons:

R (xlL)
2m

E (nZ+n,%+n,%)

or “quantum states”

/ These are the allowed energy levels,
L

>

Pauli exclusion principle: Each unique combination of n,, n,, n, can
only have two electrons (spin up, spin down).
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Energy spectrum of free particles

Etc.

n,=2, nyzl, n,=1

n,=1, ny:2, n,=1

n.=1, nyzl, n,=2

n.=1, nyzl, n,=1
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Density of states

If L is large, states are very close together.
Approximate as a continuum.

E+dE

} ;\ How many states?
N_dE =?

Number of states with energy between E and E + dE

P(E)dE =?

Number of states with energy between E and E + dE per volume.
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Density of states

Easier first to think of in k-space:
Density of states in k-space Is uniform:

One state per (n/L)3:

K

Z

/ Ky
k

X
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Density of states

Easier first to think of in k-space:
Density of states in k-space Is uniform:

One state per (n/L)3:

k

From Verdeyen
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Density of states
Number of states between k, k+dk:

N, dk = ?

k .

X K, =hlL
> > > (ny=ny7Z'/L

kE\/kX+ky+kZ (Z:nzﬂ-/L

n
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N, dk = ?

k.
i

e

A ——_—__:_,-'-""

N, dk = (47k7dk 18) | —— |- 2=L
‘ (/L)

e

Volume of spherical shell
=47rk?dk/8
8 Is for upper right quadrant

Number of states in volume=
Volume x States/volume

States/volume = 1/ (w/L)>3:

L k2dk

2
7T

P aK =

N, dk  k2dk

volume  7°

HW you will do calculation for 2 dimensional world.
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p(E)JE =7

We use:

pdk = p(E)dE

k“dk
dk
P -
_ Rk® ~|2mE ~[2m dE
E—2m = K= > :>dk—\/h722\/E
23/2m3/2
o(E)dE = EYdE




Fermi gas

At zero temperature, as we add electrons to the
box, we gradually fill up all the states.
(DISCUSS PAULI EXCLUSION PRINCIPLE
-IMPORTANT!)

\ E=Eremi  When we are done filling the box, the energy
of the last electron is called the “Fermi energy.”

AB1aua

“Gas” means we neglect electron-electron interactions.

>AII these states are filled with electrons.

P(E)

A\ 4

energy
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Fermi energy

E E 21/2m3/2
#electrons = [ "N dE = [ I’ =5 EY*dE
0 0 T
21/2m3/2 2
# electrons = ' ———=E}"*
@D ) E=Eremi mh 3
>
D
o 2/3
< _E - n*3*° 7" (# electrons
f 2m L3
>AII these states are
filled with electrons.
) e In a typical metal, 1 electron /(0.1 nm)3,
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Occupation probability

m
o
0
energy T
E:EFermi
P(E) = probability of occupying a state
with energy E

What about finite temperature?
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Boltzmann

Recall Boltzmann factor P(¢):

“The probability for a physical system to be In
a state with energy ¢ Is proportional to

This 1s actually not quite true. It is classical.
A guantum calculation shows for electrons:

1

e(E—Ef)/kT 1

P(E) =

Called Fermi-Dirac distribution function.
Boltzman is high-energy limit (discuss!)
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Fermi-Dirac

1

e(E—Ef)/kT

P(E) =

+1

P(E)
S

energy T

P=1/2 at E; for all temperatures. KT
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